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ABSTRACT
The ethical dimension associated with mathematics and its teaching has been critically considered (Ernest, 2018 and 2019). Walshaw (2014) addressed the question of “who can know mathematics” so that “equitable practice” becomes the experience for all students by claiming that outcome requires recognizing that “At the core of the discussion lies an interest in reconfiguring learning as a political and moral project” (op cit., p.2). This paper revisits the question and sees solution as a cultural and ethical project. In the pursuit of “equitable practice” it will be argued that it is essential to establish the connective tissue between teacher-student interactions and the formal presentation of mathematical knowledge. Here the focus is not on “what we might do to effect change based on the potential of a radical democratic project for learners of mathematics” (ibid, p.2), but on the customs and practice of the mathematics profession in presenting mathematical knowledge, and uncovering there the need for change and liberating means for promoting equitable practice and the democratic spirit.

INTRODUCTION
We can see why learning mathematics has been inequitable by considering the accepted aesthetic of mathematics presentation that tends to inform mathematics textbooks and teacher practice. The pristine formal demonstration, mathematics in its most concise expression, expresses the mathematics community’s aesthetic for sharing knowledge. Namely, it is what the mathematics culture values regarding what constitutes an “elegant” argument that keeps the problem-clarifying actions of coming to know submerged. Textbook demonstrations are presented without acknowledging the “tools of the trade”, the problem-clarifying strategies (habits of mind – i.e., heuristics) that inform mathematical thinking when it is not clear how to proceed to formulate a solution. Instead procedures, properties, and proofs are presented that are literally the conclusions of inquiries. As a result a considerable number of students are left in the dark as how to go about engaging a mathematics problem when some procedure solution does not seem apparent, while a “select” few have successful experiences.
The weakness in mathematics students’ problem-solving abilities has been demonstrated in many settings (cf. Haarvold, 2011). However, if the inquiry process was made actual content for class discussion, rather than the commitment to the demonstration of formal arguments and procedures, students could come to see what is actually involved in thinking mathematically. From this vantage point, increasing numbers of students would have the opportunity to demonstrate a developing mathematical proficiency, insight, and interest as they increasingly come to learn how to successfully take on non-routine problems. With gaining an understanding of productive mathematical habits of mind, all students would be able to make problem-solving progress in the absence of having a direct technique for solution (Goldenberg, 1996; Gordon, 2011).
CONNECTIONS AND DISCONNECTIONS
Because of cultural reasons, and economic reasons to some extent, mathematics textbooks focus on presenting problem-solving techniques that provide solutions and exclude explorations and discussions of heuristic means (mathematical habits of mind) that could be drawn upon to make more transparent the conclusions reached. As Bertrand Russell noted, the compelling nature of mathematics is its “austere beauty”. Yet CadwallerOsker (2011) makes clear there is a distinction between formal and practical proofs. The latter is described by Hersh as “what we do to make each other believe our theorems” (op cit., p.36), but is hardly in evidence in mathematics textbooks. Van Bendegem refers to what is presented as proofs as “proof-outlines”. And as Fan and Zhu found, “the majority of problems in the US books (in contrast to those used at the lower secondary level in China and Singapore) were routine, traditional, and moreover of single-step” (2007, p. 69), circumventing the necessity for heuristic considerations while supporting the false belief that it is problem-solving procedures that constitute the doing of mathematics. This is to say that what is shared with mathematics students can well be viewed so narrowly as to be in effect at a distance from providing clarifying perspective of the process of actually engaging mathematics problems.
Mathematics textbooks, filled with problems to be solved, share agreement with Halmos (1980) that “problem solving is the heart of mathematics”. Given that focus, heuristics (problem-clarifying strategies), such as taking the problem apart, visualizing, finding a pattern, tinkering, and other potentially productive mental actions, ought to be essential considerations in constructing mathematics classroom conversations and discussions of mathematical arguments so that students can become more successful solving mathematics problems. As Keith Devlin, author of “Devlin’s Angle”, a monthly feature of the American Mathematical Monthly, noted “Making the problem simpler is the way we do mathematics”, and it is problem-clarifying means that are usually missing from standard textbooks’ mathematical proofs that would enable students to come to see how to make problems simpler. In that absence, an inequitable distribution of mathematical recognition is tacitly promulgated.
This is to say, there is a fundamental disconnect between the practical (real) doing of mathematics and the formal polished demonstration. Because of that dichotomy, many students come to think and feel that mathematics is above their capacity as their reflections upon being presented with a formal proof or algorithm naturally promotes the thinking that mathematics is more baffling than informing. (E.g., Consider the first step in the proof that the sum of the angles of a Euclidean plane triangle is 180o: Draw a line through a vertex of the triangle parallel to the opposite side; or the proof that the harmonic series diverges by applying the Integral Test to a discrete series – both arguments are most often presented in textbooks without any discussions of why they are of such beginnings.)  But were students aware of the ways mathematics is actually engaged, by spirited dedication and informed intuition, by making inroads via heuristics and making problems simpler, they could more likely become capable and comfortable practitioners of the discipline as they would be learning to draw upon those mental actions that tend to lead to productive conclusions.  And were the nature of that engagement common to classroom conversations across the school years, math phobia and common claims as “I could never do mathematics” would most likely disappear from the psychological and social landscape. In this way equitable mathematical experiences would become the way things are. A more ethical and informative form of presentation would be made available to all students, and a robust democracy would be more possible as students learn to think more productively. Naturally and logically they would be more able to engage complex issues having learned how to engage mathematics more thoughtfully.
With students coming to have a more productive and enjoyable mathematics experience, they would also gain a more valued picture of themselves as capable agents for change. For this to be a common classroom experience, the means for making explicit productive mathematics inquiry must become a foremost consideration in the teaching of mathematics. The nature of the classroom conversation can become so much more productive when the meta-language of heuristics, as distinct from the formal presentation language of mathematics, becomes the common language for all. And that of course is most significant for promoting a more thoughtful and reflective citizenry representative of the democratic spirit.
LIFE-ENRICHING HABITS – THE GOAL
Dewey noted (1954, p.159), habits are “the mainspring of human action” and “are formed for the most part under the influence of the customs of a group”. And in the negative space, if students do not develop a realistic confidence in engaging mathematics questions, then the mental habits they would tend to develop would be defensive, either believing whatever comes first to their minds, or not trusting anything that comes into their minds. Naturally, in the absence of self-confidence and trust, mathematics students will find impulse making their decisions or remain confused and unsure of how to proceed. And society could well suffer as a direct consequence. Boaler’s research makes the point: “One of the biggest mistakes students make with math problems is that they often rush in and do something with the numbers, without really considering what is being asked of them, whereas successful problem solvers spend some time really thinking about the problem” (2008, p.186; italics in original). Namely, in the absence of having a language that informs reflective practice, students often have nothing to draw upon other than impulse in the absence of being able to apply a known procedure. Such miseducative experience would likely inspire poor habits of thought and action, which could well impact their decision making as adults. Uncomfortable with doubt, reflection and evolving thought, their decision making could find relief and assurance in seeing issues as “black or white” – so shaping societal decision making with problematic consequences. This is to suggest the community of mathematics professionals needs to take seriously Aristotle’s concern that “It is a matter of real importance whether our early education confirms us in one set of habits or another. It would be nearer the truth to say that it makes a very great difference indeed. In fact all the difference in the world” [1971: Book 2, Chapter 1, 1103b1-25).

Heeding Aristotle’s advice, mathematics textbooks and classroom customs given to focusing on “knowing-how” in the form of problem-solving procedures and proofs must be broadened so as to include means for “knowing-to” (Mason and Spence, 1999). It would seem that only in this way could the young become more inclined to reflect on what they and others are thinking, and be open to changing their minds as they would have alternatives to engaging problems to actually consider. In essence, there must be the commitment and practice to develop, promote, and support that curriculum which is directed at developing thoughtful engagement, in the best interests of securing a robust democratic society. 

Clearly, there are long-standing problems that need to be resolved. And that includes the “mathematics teacher’s dilemma” (Brodie, 2009). “This dilemma arises in classrooms in which the teacher wishes both to ensure learner participation and to teach particular ideas. The dilemma is how to elicit the knowledge from learners that she wants to teach. As long as she genuinely allows learners to express their thinking, a teacher cannot be sure that such expression will contribute towards what she is trying to teach. If the teacher maintains her focus on covering the content of the curriculum, then she may be in danger of missing what learners have to say (p.28; italics added).” 

Were mathematics students to have had the opportunity to become aware of the language of problem-clarifying strategies (aka heuristics), then classroom conversations would be much more “on point”, and hence more productive and rewarding for both teachers and students. It wouldn’t require teacher prompting, asking leading questions that move (direct/push) the engagement to desired resolution. It would be the students, their agency, which would be making for a productive mathematics conversations. 

Toward promoting students personal and social development requires appreciating their naïve perspective. Were ethical considerations a focus in the mathematics classroom, there would be a real appreciation for students’ initial thinking, as this communicates to all that every student is to be appreciated. Yet too, appreciating the naïve question deserves greater classroom conversation time, in that reading a mathematics text from a naïve perspective is valuable for raising questions regarding origins along with tacitly challenging the taken-for-granted. Both are of fundamental value in developing individual’s understanding and societal decision making. In the classroom, a naïve perspective helps to uncover the need for explanations of declarations that have become part of mathematics lore and social custom but tend not to be discussed, and are rightfully confounding to students in school and as members of society. In the absence of mathematics educators’ promoting and acknowledging those concerns, students have little if any choice but to blindly accept whatever claims are made by those in authority. Textbook presentations of algorithms, techniques and proofs without discussion would naturally and logically promote the habit of taking as one’s own whatever authority claims. The imperative for student success would require in effect the dismissing of one’s own beliefs and thinking, and embracing that of those in power, which would mute the desire for investigation and the consequent coming to gain clarifying understanding. (Consider: students are told that the equation for a straight line in the Cartesian two-dimensional plane is “y=mx + b”, usually without any discussion/explanation why “m” would be included, or with presenting techniques without mentioning that the reason for their being created was to make some problem(s) simpler, such as the problem-solving technique of Integration by Parts). And that practice can become a profoundly problematic development from the point of view of developing thoughtful individuals and promoting an enabling democracy that thrives on open respectful debate.

In essence, the wrong habits of mind would be being promulgated with likely deleterious individual and social consequence. Student empowerment and emancipation lie in mathematics teachers’ recognizing and supporting students’ openness to sharing their vulnerability, their unknowing, and confusion that are appropriate given their association with initial concerns. Yet, those psychological elements are artificially promoted by the omission in mathematics textbooks of discussions of conceptual beginnings and the process of inquiry that are ethically deserving of explanation. Were those concerns a basic concern of mathematics educators then it would seem a revolution in students’ mathematical thinking and appreciation would be the consequent result. Such life-enriching engagement could well have great pedagogical, personal and social value. 
Acknowledging student concerns, especially when students are presented with non-intuitive mathematics claims, helps to legitimate their confusion and thinking, in effect their questioning the taken-for-granted – a most important habit to develop for citizens who it is hoped would be involved with improving society (cf. Gordon, 2015). Why would such opportunities for student engagement and development, along with acknowledgement for raising those queries, be passed up? Clearly, it is not for nefarious reasons, but the result of custom and tradition, habit, manifested in the centuries-old dedication of mathematics textbooks to presenting problem-solving procedures without sharing how that thinking was formed. Unfortunately, that continues, in large part for want of time as so many techniques are somehow required by the mathematics curriculum.

With the normative activity being the transmissio of mathematical statements making seemingly unnecessary any need for much discussion, the teacher is tacitly informing the student that the habits to be valued are listening, taking notes, and doing what one is told, regardless of whether what is being practiced makes good sense and provides practical understanding. In that way, unknowingly, a repressive reality is established (cf. Ernest, 2018). As a consequence it is natural for some to think that student resistance is called for (Walshaw, 2014, p.5), when in fact the usual “doing and suffering” of the mathematics classroom was not created in bad faith, but in a commitment to an image of knowing and doing mathematics that is at a distance from what the actual reality is that is compounded by the number of techniques that are included, which exhausts the available time.

HEURISTICS AS CONTENT
Habits constitute our character, Dewey notes. With that understanding, mathematical heuristics need to be made a primary and consistent consideration so as to demonstrate the true character of mathematics. The cognitive psychologist Jerome Bruner relates that “The young child approaching a new subject or an unfamiliar problem either has recourse to the less than rigorous techniques of intuition or is left motionless and discouraged. So too the scientist operating at a far reach of his capacities in his chosen field” (1971, p.96). However “there are ways for using the mind in a fashion designed to save work, to make seemingly difficult problems easier, to bring a complicated matter into the range of one’s attention. One learns to make little diagrams or to use a matrix. . . . Or one asks, encountering a new problem, whether there is anything like it one has encountered and solved before” (op cit., p.95). And though, in 1971, “one rarely speaks of them, and surely there are no courses for teaching them,” Bruner believes “as a start that any new curriculum contain a syllabus designed to teach the economical tricks of the trade as early and as effectively as possible” (op cit., p.96).  In that direction, the Conference Board of the Mathematical Sciences stated that “mathematics courses for teachers should develop the habits of mind of a mathematical thinker. . . .” (2001, p.2). And Polya argued for their incorporation over half a century prior. For mathematical habits of mind make for an informed mathematical intuition and so provide the resources toward becoming a better thinker in general and when engaging mathematics. With Van Bendegem, “Heuristics have to be introduced. Innocent though the conclusion may see, it is of fundamental importance” (1991, p.28).

When teachers of mathematics urge students to “Think!”, in the absence of their being familiar with problem-clarifying strategies, it is reasonable to expect they would more likely be thinking about the discomfort they feel than having thoughts toward finding a solution. Consider the problem: “Find y if 80 = 5(y – 79).” If the student isn’t clear on the procedure of distributing they may well be stumped, and emotional disturbance may well fill their thoughts. Had they been introduced earlier to the problem-clarifying strategy to create an easier similar problem they could well have a productive idea as how to begin. They could revisit the problem as “Find the value of x if 80 = 5x”, and so determine x = 16. That heuristic of change of representation now allows students to see that with x = y – 79 = 16, solving for y is quite apparent. It could be said this approach lacks the elegance of directly applying the distributive property. Yet such constructive engagement serves to develop and promote students’ intuition (as in checking one’s answer for plausibility, a most essential problem-clarifying strategy). In this way students intuitively become more alert to when such strategies can be applied to other similar contexts. That is, with this focus there is real opportunity for a transfer of learning. And in the particular case considered here, the teacher could revisit the distributive property so as to make that approach more viable for those prior confused students.

A more extended application follows. Graph theory has established itself as a valuable area of study in contemporary society, as well there is considerable material that interests students. Consideration of what are known as “complete graphs” offers students the opportunity to see if they can determine the general relationship between the number of nodes and the number of edges of such a graph. To begin the investigation students’ tinkering usually begins with drawing three dots representing nodes and connecting all the pairs of nodes establishing edges (connecting segments). They find that a complete graph with three nodes has three edges. Using the same procedure for a four-node complete graph, as well as for a five, six, seven, and eight-node complete graph they can generate data determining the associated number of edges. The information careful counting (including more than one pair of eyes) yields can be expressed as a set of ordered pairs, {(n, e): (3, 3), (4, 6), (5, 10), (6, 15), (7, 21), (8, 28)}, where n is the number of nodes and e the number of edges. 

Students see that as the number of nodes increase by 1, the number of edges increase arithmetically by 3, 4, 5, 6, and 7, respectively. The question, what is the general relationship (expressed in mathematical notation) suggests itself. How to proceed? It seems a perfect time for the mathematics teacher to introduce the method of finite differences or a sophisticated counting procedure to show students how to solve the problem efficiently. But that would mean students in effect would be just following the bouncing ball to arrive at the solution provided by the given method - not thinking about and testing their own ideas. They would be passive responders with little agency. Were the teacher to decide that student exploration was important for every student, the classroom experience, and society, a valued beginning to the inquiry would seem to require the teacher not saying anything – an often productive strategy in a setting where heuristics has been integral to the mathematics classroom conversation.



How to express the general relationship connecting all the points? Students readily recognize a relationship for the pairs with an odd number of nodes. Taking things apart they find the odd-node pairs as: (3, 3x1), (5, 5x2), (7, 7x3). To test their conjecture they drew a nine-sided complete graph and found just what they were hoping for: the 9-sided figure had 9x4 = 36 edges. After a while they found a pattern for the case when n is odd: the number of edges would be or. 




What about finding a sequence representation for the case when the number of nodes are even? With the ordered pairs (4, 6), (6, 15), and (8, 28), was there a pattern to be uncovered? Quiet time for reflection and small-group conversations have led to their finding that the edge sequence 6, 15, and 28 could be connected to the number of nodes by a pattern: 6 = 4x1 + 2; 15 = 6x2 + 3; and 28 = 8x3 + 4. That led to a prediction for n = 10: there should (hopefully) be 10x4 + 5 = 45 edges. Careful drawing and a number of dedicated student counters confirmed exactly that. So with n even, the number of edges would be. How to represent “?” algebraically? It was clear that it is always 1 less than the added on term. Then for n = 12, the number of edges would be 12x5 + 6. With some discussion the number of edges for an even number of nodes in a complete graph was written as  It seemed two equations were needed to express the node-edge relationship. With student involvement being the primary means for moving things forward, the question was raised how the complicated expression might be simplified. And with dedicated energy, it became clear that both formulas were really the same:. 

Was it worth the time and effort? It all depends on what is valued. The habits of mind of finding patterns and taking things apart are clearly instrumental in doing mathematics. And not just mathematics: “The natural way for any scientist to think about a problem was to break it into parts” (Bolles, 1997, p.277), in addition to seeking patterns. And of course, such practices are valuable in everyday problem solving, which is to say (again) there is considerable opportunity for transfer of learning. The student effort took a class period, the time it would have taken for the teacher to demonstrate a problem-solving procedure for students to practice and apply. But with the ethical commitment to creating a more humane and productive society via developing more resilient, thoughtful, communicative human beings, that time spent was exactly the right amount as students had the chance to think and act as change agents by applying problem-clarifying strategies that led to their conjecturing and their testing, and the validation of their dedicated questioning and collaborative decision-making efforts. And it was very clear they appreciated that experience. After all, they were seeing themselves as capable of uncovering a mathematical relationship, and in the process learning more about how capable they actually are. So the excitement and self-recognition were well deserved, and suggestive that there would be positive energy to draw upon later in engaging other non-routine mathematics problems. And with such life-enriching experience becoming more the way things are in their mathematics classroom, the more likely that dedicated energy would be available for engaging society’s problematic aspects (which seem to be unfortunately abundantly extant).

IN CONCLUSION
It is exactly that energy students demonstrated in engaging the graph theory problem that needs to become common to all students’ mathematics experience. It promotes resilience and patience, thoughtfulness and dedication, all of which are essential for being change agents and successful problems solvers in the mathematics classroom, in relationships, in society. Here the mathematics teacher is promoting a promising freedom, one where self-agency is being developed in a supportive manner, so that students have the opportunity to develop the confidence and trust in themselves and others to engage situations that are complicated and gain informative resolution. Here the focus is on the opportunity for creating a desired self with the support of the classroom environment. The “disaffected and disengaged learner” that Walshaw is concerned about could naturally and logically become inspired and engaged were mathematical habits of mind made integral to their inquiry effort. No longer would teachers have to count on some student(s) to have an “Aha! moment” to solve a problem, and move the class further –  while serving to silence other students in the realization that they weren’t able to (magically) come up with the solution. Instead, promoting a classroom environment where problem-clarifying strategies are a common element of the mathematics conversation would be the daily experience. In this way mathematics educators build every mathematics student’s self-esteem as a direct consequence of their gaining a more informed thinking and life-enriching collaboration as a result of their liberating experience. And as a direct consequence, the young would rightfully respect the elders who helped them become better at making sense of things. How else to a more equitable and productive democratic society?1
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